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In functional quantum theory the <S'-matrix of a quantized relativistic field can be expressed 
by the scalar product of functional advanced and retarded scattering states. It is shown that for 
pointlike particles this scalar product can be reformulated in accordance with the results of the 
L.S.Z.-reduction technique for the ^-matrix calculation in conventional quantum field theory. 
The reformulation is performed for the case of relativistic potential scattering but can easily be 
extended to other cases where the pointlike particles occur. 

Functional quantum theory is a new formulation 
of quantum theory and a new field theoretic calcula-
tion method which allows the treatment of quan-
tized fields with positive metric as well as with in-
definite metric beyond perturbation theory. It was 
developed by Stumpf and coworkers, cf. Stumpf [1]. 
In particular, it can be applied to the evaluation 
of Heisenberg's quantized nonlinear spinor field 
equation with dipole ghost regularization, cf. 
Heisenberg [2] or to the evaluation of higher order 
nonlinear spinor field equations as given, for in-
stance, by the lepton-quark model of Stumpf [3]. 
In these models all physical observable particles 
are assumed to be described by nonlinear func-
t iona l of the spinor field operators, i.e. they are 
assumed to be relativistic clusters resp. extended 
composite particles. Therefore, any comparison of 
results obtained from such theories with experi-
mental facts has to be done with respect to cluster 
representations, i.e. the observables are to be de-
fined with respect to cluster states. This is part of 
the program of functional quantum theory and the 
essential quantum observables are formulated in 
this way. In particular the ^-matrix is expressed 
by the functional scalar product of advanced and 
retarded functional cluster scattering states. Then 
the question arises whether the equivalence of this 
formulation with the results of conventional quan-
tum field theory can be established or not in cases 
when both methods are applicable. Concerning the 
S-matrix in conventional quantum field theory this 
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quantity can be expressed for pointlike particles 
via the so-called reduction formalism by means of 
time-ordered Greenfunctions, cf. Lehmann, Syman-
zik, and Zimmermann [4]. This formalism was ex-
tended to include local composite particles by 
Zimmermann [5]. Huang and Weldon [6] gener-
alized the reduction formalism to extended compo-
site particles. A criticism of the latter approach 
from the viewpont of functional quantum theory 
will be given in subsequent papers. In this paper 
we restrict ourselves to the derivation of the orig-
inal L.S.Z.-formalism for pointlike particles. For 
simplicity we treat potential scattering for one 
particle. The generalization to many-particle scat-
tering will be treated elsewhere. 

Theorem: Let {| oti (0)>± = : l « ^ ) } be a complete 
set of advanced resp. retarded Heisenberg states 
for one-particle potential scattering of a quantized 
spinorfield y(x) with the Hamiltonian H, and let 
{|a<(0)> f— : |a* f>} be the set of corresponding in-
going resp. outgoing free wave packets which are 
solutions of a corresponding Dirac equation with 
mass m. If the corresponding Schrödinger states 
{| a i ( ^ ) ) ± } satisfy the asymptotic conditions 

lim | a< ( # ) > * = lim |a,(0)>« (1) 
— 00 —00 

for the /S-matrix Sy , then the following relation 
holds 

Sij := Sa(x'\ac)x<p(x'\a}+)d4x' 

= + 4 J" 9> I a i f) 
• [(-iy"öß' + m)<p(x'\aj+)]d*x', (2) 

where cp(x) resp. a{x) are the components of the 
corresponding functional state representations. 
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Proof: With respect to the functional state rep- iii) The function o{x\a) is for a free field state 
resentation we refer to [1] and to Stumpf [7]. Due | a ) = |a) f the contravariant representation of a 
to the translational invariance we have Dirac one-particle state. From this it follows that 

Sa : = -<«<(0) | aj(0)>+ w e h a v e t o P u t 

= lim "<«{ {ft) | a] (#)>+ (3) o[x\a^)x = <p{x\a<)* 0{t) (14) 

as by this choice the ordinary scalar product of 
and from (1) it follows D i r a c s p i n o r g a n d t h e i r g t a t e representations are 

Si] = lim f < M # ) | a](ft)}+. (4) reproduced. Substitution of (14) into (5) yields 

_ . x , „ S« = lim | > ( r \ Ol «*(#)')* 
The functional state representations can be equally o-̂ oo 
well derived for Schrödinger states at arbitrary • <p(r'. 01 a7-(#)+) d V (15) 
times ft. This yields for (3) and (4) 

f , ,, / q,\4-\ j i , and with (12) and (13) we obtain 
Sij = lim J a(x I ai {ft)~)x cp [x \ a-j (#)+) d 4 x 

St] = lim f cp (TC', FT I CII (0)')x 

lim J a (x' | at (#)f)x cp (x' | a} (0)+) d 4*' . (5) 
•9>(r',#|a,(0)+)d3r' 

The further proof can be done in four steps. = lim J* <p (r\ ft | a f
f ) x cp (r', ft \ a}

+) d 3 / . (16) 

i) We first consider the function a[x\a). According 
to [1, 7] it is defined by We now apply the reduction formula 

o(x\a) : = 1<a;|a) (6) lim j>(r' , ft\a*1)* tp(t', ft\ a}+)dV 

with g 
<0| ip{x)\x'y = d{x-x'). (7) = Sy°-^r[^{x'\ai

t)cp(x'\a]+)]d/ix' (17) 

In particular if we study a (x | a1), relation (7) must -f lim [ cp (r\ ft | a*f )x <p(v',ftj aj+) d V . 
be formulated for free field operators xpl(x) and this 
l e a d s t o By means of 

<01 xp1 (x) 1 x'yt1 = d(x — x'). (8) H m ^ ^ ^ l i m y t f ^ a i + m 

Putting y = x-\-ft, y' = x'-\-ft, we obtain by for-
mulating (8) with respect to y and y' the relation h m ^ ( r ' , 01 « / ( # ) ) (18) 

<0 |y f ( z -f d)\x' + tfy = d{x - x') (9) and of 

and from this it follows V W W ) = l i m <P(*',0\at<(ft)) (19) 

<01 xp* (X) e~iB'& I x' + 0> fi = d(z- x') (10) w g h a y e 

and by comparison with (8) l i m J*^(r', 01 a**)x q> (r', ft | a,+) d V 
I x' -f ft)>i1 = eiHo& I x'}t1 (11) oo 

= lim J cp (r', 01 ai1 [ft))x cp (r', 01 a / (0)) d V 
Hence we have 0-+-oo* 

<x(*|a(0)«) = i f<*|a(#)> f = i f<a:|e- i f f o d |a(0)> f = ^m f<«f (#) | ( # ) > f 

= 1f<» + 0 | a ( 0 ) ) ' j a](0))' = du (20) 
= cr(x + # | a ( 0 ) f ) . (12) 

ii) Next we consider cp(x\a). It is 
and hence (16) can be written 

0 
cp (x | a (ft)+) = <01 xp (x) | a (ft)>+ Si} = StJ + J — [q> (*' | «(f) <p (*' | a,+) d V . (21) 

= <0 j xp (x) e~iU& | a (0)>+ 

_ ^0\ eiH& tp(x) e~iH& \ a (0)}+ s t e P w e divergence 

= cp (x + ft | a (0)+). (13) j V •[?(*'! atf) Y <P (*' I a i + ) ] d V = 0 (22) 
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which vanishes identically as we assume that the 
wave packets are located for «if(0)> only in a finite 
part of the space. Then (21) can be written 

8 
Si] — di] + dt 

(23) • [<p (x' | a/) 99 (x' | aj+)] d%'. 

Now (p (x' | Ojf) satisfies the equation 

V [x | a f ) ^/O JL + v • y j = i m y (x \ a f ) . (24) 

Using this and performing the differentiation we 
finally obtain 

Sij = öij + $y(x'\ait)* (25) 
a 

81 — + V' • y + im 

which is equivalent to (2). Q. E.D. 
Formulae of the type (2) are already contained 

in the paper of Freese [8]. The difference between 
this approach and Freese's consists in the fact that 
Freese did not use the dual functional state repre-
sentations | © (a)) and | g (a)) for a state | a). There-
fore a scalar product of the type <a | ft) = 

(a) | 3 (&)) w a s known to him. The advantage 

of our approach therefore consists in a systematic 
deduction from first principles while Freese prac-
tically guessed his formulae. 

Finally, a comment should be given with respect 
to ghost states. Ghost states satisfy in their co-
variant representation, in the simplest case, an 
equation of the kind 

(—iy^dß + m)2(p{x) = 0. (26) 

Particular solutions are given by for instance 

<p(x\g) = eiJ>x, 
<p{x\d)= [A + BxQ^0)e^x, (27) 

where cps is a ghost solution, while (pa is a dipole 
ghost solution. The corresponding contra variant 
functions can be chosen in the following way 

<* (x 19) — e<:p"1 [«ig <5 (a?o) + «2g <$' (*o)], 
a{x\d) = e^•r [oid <5 (*o) + a2 d &' (ar0)], (28) 

where the coefficients a l g , a^, i = 1, 2 can be deter-
mined by comparison with the metrical tensor g&b • 
Then similar reduction formulae could be derived 
for ghost scattering. However, confinement has to 
be taken into account which requires another treat-
ment of the ^-matrix. This will be discussed else-
where. 
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